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We demonstrate the utility of point group representation theory for symmetry analysis in resonant
inelastic x-ray scattering. From its polarization-dependence, we show that a 5 eV inelastic feature in
Sr2CuO2Cl2 has pure B1g symmetry and assign it to a transition in the cell-perturbation calculations
of S´ımon et. al. [Phys. Rev. B., 54, R3780 (1996)]. We discuss how Raman selection rules are
broken at nonzero momentum transfer and how this can also act as a probe of wave function
symmetry.
PACS numbers: 78.70.Ck, 71.20.-b, 74.25.Jb
The two advantages of resonant as compared to nonres-
onant inelastic x-ray scattering are that it can be applied
to high-density materials (where nonresonant techniques
have problems with absorption) and its sensitivty to wave
function symmetry. The former is well-documented but
the latter has only recently been applied to solids by
Duda [7] and Kuiper [8].
In this article we demonstrate the utility of point group
representation theory for symmetry analysis in resonant
inelastic x-ray scattering (RIXS). We focus on inelas-
tic features which are brought about by the coulomb
interaction between core and valence electrons. In dif-
ferent contexts such features have been called “forbid-
den excitonic” transitions [1], “indirect” transitions [2],
“Coster-Kronig” features [3], “Auger resonant Raman”
features [4], and “shakeup” features [5,6]. One expects
these transitions to dominate K-edge RIXS spectra from
d-electron systems with inversion symmetry (i.e. many
transition metal oxides) owing to the absence of dipole-
allowed transitions at the Brillouin zone center. We take
the “shakeup” approach of Refs. [5,6] and tabulate the
Raman-active symmetries in all independent experimen-
tal geometries. Comparing our polarization-dependent
measurements of the 5 eV inelastic feature in Sr2CuO2Cl2
(SCOC) (observed also in Nd2CuO4 [10] and La2CuO4
[6]) with the cell-perturbation calculations of S´ımon [9]
we identify this feature to be a localized transition of B1g
(or dx2−y2) symmetry. We conclude by discussing how
selection rules are broken at nonzero momentum trans-
fer and how this can act as an additional probe of wave
function symmetry.
Experiments were carried out at the 3ID (SRI-CAT)
beam line at the Advanced Photon Source using a 6-circle
diffractometer with an analyzer stage. Energy analysis of
the scattered light was done with a spherical Ge(733) an-
alyzer working near backscattering. The overall energy
resolution was 0.9 eV, and with 6× 1012 phonons/sec on
the sample typical inelastic count rates were 10 Hz. The
scattering angle in the experiment was fixed at 2θ = 16o,
allowing detection of both parallel and crossed polariza-
tion. Two detectors were employed so fluorescence yield
data could be taken simultaneously with RIXS measure-
ments.
The crystals were grown as described previously [11],
cut to (100) and (001) surfaces, and polished with a 1 µm
AlO film. This allowed variation of the incident polariza-
tion, ǫˆi, and the momentum transfer, q, independently
with respect to the crystal axes. The surface quality was
verified with Laue´ photos and an FTIR reflectometer.
Figure 1 shows spectra taken with ǫˆi||xˆ and q =
(1.27A˚−1)zˆ. The incident energy, ωi, was varied from
8988 eV to 9006 eV to generate a resonance profile. A
feature at 5 eV energy loss is visible and resonates in
a complex fashion. It sits on a flat, incoherent, multi-
electron/phonon continuum which does not change with
ωi. This continuum is analogous to the selection rule-
violating features seen in RIXS from molecules [12,13,14]
which occur because of interference of vibrational modes.
It could in principle be disposed of by detuning [12,13,14],
however it is featureless and so presents no problem for
data interpretation [15].
The coherent feature at 5 eV energy loss has been
shown to be an “indirect” transition [10,6], and is what
we wish to symmetry-analyze. We use the “shakeup”
approach of Refs. [5,6] to describe the coupling of x-rays
to this excitation. This approach uses the weakness of
the coulomb interaction (the expansion parameter being
α=1/137) to describe the resonance process analytically
in perturbation theory, and works as long as the coulomb
interaction brings about no topological change in the 4p
band states (this is the case if the 4p bandwidth is large,
as it is in this case). We neglect here the detailed energy
structure of intermediate states since we plan to make
only general symmetry arguments.
According to Ref. [6] the spectra in Figure 1 can be
described by the expression
1
wi→f =
SK(q, ω; ǫˆi, ǫˆs)
[(ωi − EK)2 + γK2][(ωs − EK)2 + γK2],
(1)
where the function SK is independent of ωi and the spec-
tral changes in Figure 1 are accounted for entirely by the
energy denominators [the doublet structure in the open
circles comes from the double denominator [16]]. SK con-
tains information about Raman selection rules and has
the form [6]
SK(q, ω; ǫˆi, ǫˆs) =
2π
h¯
∑
f
∣∣∣∣∣∣
∑
1¯s4p
MemMcoulMabs
∣∣∣∣∣∣
2
. (2)
To derive selection rules we discuss the role each of these
three matrix elements plays in the scattering process. For
simplicity we begin in the optical limit (q=0) and later
discuss how selection rules are broken as q is increased.
The action of Mabs is to annhilate the incident photon
and create a virtual 1¯s4p pair. In the dipole approxi-
mation the symmetry axis of the 4p is parallel to the
incident polarization, ǫˆi (provided ǫˆi is along a princi-
pal axis). Mem annhilates the 1¯s4p state and creates the
scattered photon with polarization ǫˆs again parallel to
the 4p.
The relationship between ǫˆi and ǫˆs depends on the ac-
tion of Mcoul, which determines how the Cu1¯s4p state
couples to the valence electron system. Mcoul has the
explicit form
Mcoul = −e
2
∫
dx dx′
ψ∗
1¯s′
(x′)ψ1¯s(x
′)ψf
∗(x)ψi(x)
|x− x′|
(3)
+e2
∫
dx dx′
ψ∗
4p′(x
′)ψ4p(x
′)ψf
∗(x)ψi(x)
|x− x′|
(4)
plus exchange terms. These integrals describe the
coulomb interaction between core and valence electrons
and have the familiar form of nonrelativistic electron-
electron scattering in the Born approximation. Raman
selection rules are determined by whether these integrals
vanish (or not) by symmetry.
It is straight-forward to show [16] that the point group
symmetries contained in the integrands (3-4) are given
by the Kro¨necker product
Γ(ψ∗
4p′ψ4p − ψ
∗
1¯s′
ψ1¯s)⊗ Γ(ψ
∗
fψi), (5)
where Γ(f) represents the symmetry of the function f .
According to the fundamental matrix element selection
rule theorem [17] Mcoul vanishes unless this quantity
contains the identical representation, A1g. Or equiv-
alently, Mcoul is nonzero if and only if the quantities
Γ(ψ∗fψi) (the overall symmetry of the valence excita-
tion) and Γ(ψ∗
4p′ψ4p − ψ
∗
1¯s′
ψ1¯s) (determined entirely by
the experimental geometry) share at least one common
symmetry. In other words - and this is the key point -
the Raman active symmetries for a given experimental
geometry are the symmetries contained in the quantity
Γ(ψ∗
4p′ψ4p − ψ
∗
1¯s′
ψ1¯s), which depends only on the exper-
imental geometry.
In the optical limit (q=0) Γ(ψ1s) = a1g, since a Cu1s
orbital is invariant under all point group operations (Cu
sits at an inversion center in SCOC). So the quantity (5)
reduces to Γ(ψ∗
4p′) ⊗ Γ(ψ4p) + A1g. We conclude that
transitions of A1g symmetry will be Raman-active in all
experimental geometries. Furthermore, differences in se-
lection rules between different experimental geometries
are entirely determined by the 4p.
We now derive the complete selection rules for one ex-
perimental geometry and then state the results for the
others. Consider the case ǫˆi||xˆ and ǫˆs||yˆ. In this case the
4p is initially oriented along xˆ, but by action of Mcoul
it gets rotated along yˆ. The symmetries contained in
Mcoul in this case are Γ(4py) ⊗ Γ(4px) + A1g. 4px and
4py have purely eux and euy symmetry, respectively, and
eux ⊗ euy = B2g. So the Raman active symmetries in
this geometry are A1g + B2g. Using this procedure one
can generate Raman selection rules for all independent
experimental geometries. The results are shown in Table
1.
Returning to the issue of the symmetry of the 5 eV
inelastic feature, in Fig. 1 the incident polarization was xˆ
and the scattered light was unpolarized, so the symmetry
reflected in Fig. 1 is A1g + B1g + B2g + Egx (see Table
1).
In Figure 2 we show spectra again with ǫˆi||xˆ, but with
q now parallel to yˆ. In the q=0 limit this geometry
contains the same Raman-active symmetries as Figure 1,
and in fact the spectra are not observably changed. We
therefore tentatively assume that we can apply the q=0
selection rules of Table 1 to the present measurements,
despite our sizeable q. We will discuss the justification
for this assumption in a moment.
In Figure 3 we show measurements with ǫˆi||zˆ and
q||yˆ. In this geometry the Raman-active symmetries are
A1g +Egx, and here the peak vanishes. The fluorescence
yield (inset, taken in-situ with a second detector) shows
a pronounced edge feature, the elastic scattering still ap-
pears in the spectra at the correct energies, and the se-
lection rule-violating, incoherent continuum still appears
in the energy-loss part of the spectrum. However the 5
eV peak is gone. We conclude that the 5 eV peak is
symmetry-forbidden in this geometry, and by process of
elimination that it has either B1g or B2g symmetry.
Armed with some knowledge of its energy and sym-
metry we are prepared to make a peak assignment. We
appeal to the cell-perturbation calculations of S´ımon et.
al. [9], which is a treatment of the electronic structure
of the undoped CuO2 plane which emphasizes the sym-
metries of the states. We reproduce the central result in
Figure 4. The ground state has pure b1g symmetry, and
starting at 4.3 eV above Ef there is an unbound band
of a1g symmetry. A transition from the ground state
2
to this band has the symmetry b1g ⊗ a1g = B1g, which
with its energy is consistent with the experiment. There
are no transitions of B2g symmetry in the vicinity so we
conclude that this is our peak.
We finish our discussion by describing how a nonzero
q should violate the selection rules of Table 1. For the
simplistic case where ψ1¯s and ψ4p are tight-binding states
the expression (5) generalizes to[
Γ(ψ∗4p′ψ4p − ψ
∗
1¯s′
ψ1¯s)⊗ e
iq·r
]
⊗ Γ(ψ∗fψi) (6)
so the symmetries expressed in a given experimental ge-
ometry are those contained in the quantity Γ(ψ∗
4p′ψ4p −
ψ∗
1¯s′
ψ1¯s)⊗e
iq·r. Additional symmetries are made Raman-
active by the symmetry-reducing effect of the exponen-
tial. For example, in the case ǫˆi||ǫˆs||zˆ in the optical limit
the only Raman-active symmetry is A1g. However with a
nonzero q||xˆ the symmetry is lowered to A1g+B1g+Eux
[18]. So in general q breaks the Raman selection rules -
but not completely - and in principle can act as an addi-
tional probe of wave function symmetry.
A few words are in order about why we do not observe
this expected breakdown of selection rules in our mea-
surements, which should show up perhaps as a difference
between Figs. 1 and 2 or more likely as a weak 5 eV
intensity in Fig. 3. A fundamental shortcoming of group
theory is that, while it will tell you if a given integral is
nonzero, it tells you nothing about its size. RIXS data
with improved statistics may yet observe such a break-
down.
Two improvements on our study would be, first, to em-
ploy a 90o scattering geometry as in the case of Refs. [7,8]
to distinguish between the scattered polarization states.
This would allow for complete, model-independent de-
termination of the symmetry of the excitation (provided
the effects of q, which becomes sizeable at high scatter-
ing angles, remain unimportant). A second improvement
would be to employ space group representation theory,
since SCOC contains glide planes whose symmetry is not
accounted for in a simple point group treatment.
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TABLE I. Raman active symmetries for “indirect” transi-
tions in all independent experimental geometries in the optical
limit, q=0. Symmetries are given both in the Scho¨nflies and
spherical harmonic notation.
Polarization Raman Active Symmetries
(incident/scattered) Scho¨nflies Ylm
xˆ/xˆ or yˆ/yˆ A1g +B1g s+ dx2−y2
zˆ/zˆ A1g s
xˆ/yˆ or yˆ/xˆ A1g +B2g s+ dxy
xˆ/zˆ or zˆ/xˆ A1g + Egx s+ dxz
yˆ/zˆ or zˆ/yˆ A1g + Egy s+ dyz
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FIG. 1. RIXS spectra from SCOC for different incident en-
ergies, ωi, with ǫˆi||(100) and q||(001). The upper panel shows
the individual scans (offset for clarity). In the lower panel the
dark line is the fluorescence yield, showing the location of the
edge. The open and filled circles are the inelastic peak height
and its energy in absolute units, respectively, plotted against
ωi. In the q=0 limit the Raman-active symmetries in this
geometry are A1g +B1g +B2g + Egx.
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FIG. 2. The same measurement as shown in Fig. 1, how-
ever with q now directed along xˆ. In the optical limit this
geometry contains the same symmetries as Fig. 1.
.
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FIG. 3. The same measurements as in Figs. 1 and 2, how-
ever with ǫˆi||zˆ. The fluorescence yield spectrum taken in situ
is inset. The Raman-active symmetries in this geometry are
A1g + Egx. The 5 eV peak, which likely has B1g symmetry,
is Raman-forbidden.
.
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FIG. 4. Results of a cell-perturbation calculation, repro-
duced from Ref. [9]. The solid lines on the right hand side rep-
resent the dispersion of a native hole in the insulating CuO2
plane. We assign our 5 eV feature to a transition from the
b1g ground state to the highest energy a1g excited state.
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